The 2-D scattering and diffraction of plane SH-waves by a semi-parabolic cylindrical canyon in an elastic half-space is analysed for the cases of SH-waves coming from the side of the half-space towards the front of the canyon. The exact analytic series solution of the problem is presented. It shows that the surface topography can have significant effects on the incident waves, which become prominent at high frequencies, or when the wavelengths of the incident waves are short compared with the focal length of the canyon. Higher frequencies will also lead to greater complexity of the pattern of surface displacement amplitudes involving abrupt changes of amplification or deamplification from one point to another.
INTRODUCTION
It has long been known in earthquake engineering and strong-motion seismology that surface topographies and sub-surface irregularities can play a major role in the amplification and deamplification of elastic waves at a given site. However, the stress-free boundaries often pose a much more difficult waveguide problem than those in acoustics, thus limiting the number of cases which can be solved exactly. The simplest type of problem in elastic wave scattering is that of 2-D SH-wave scattering. Its simplicity rests in the acoustic behaviour of 2-D SH-waves, allowing it to be analysed separately from the in-plane P-and SV-waves. Using an image method, exact series solutions for the diffraction of SH-waves in an elastic half-space exist for those problems which can be described by coordinate systems where the scalar wave equation is separable.
These problems have been studied by many investigators. Trifunac (1973) solved the 2-D scattering and diffraction of plane SH-waves by a semi-circular canyon. Wong & Trifunac (1974) solved a similar problem involving canyons of semi-elliptical shape. Lee (1977) solved the scattering of plane SH-waves by underground circular cavities. Lee & Trifunac (1979) studied the corresponding problem of underground circular tunnels. Approximate solutions have also been obtained for the diffraction of SH-waves from surface topography of arbitrary shape (Wong & Jennings 1975; Sabina & Willis 1975; Sanchez-Sesma & Rosenblueth 1979; Moeen-Vaziri & Trifunac 1986) .
In this paper, the problem of scattering and diffraction of plane SH-waves by a semi-parabolic canyon in an elastic half-space is studied. The SH-waves are assumed to be coming from the side of the half-space towards the front of the canyon. The purpose of this study is to add the exact series solution to the limited collection of exact solutions describing the effects of surface topography on wave propagation in an elastic half-space.
The results will also be useful for the approximate evaluation of the ampiification effects near topographic features with portions near the surface that can be approximated as parabolic in shape. Furthermore, it is of value to different approximate techniques, since the model studied here can in future be used for comparison with the results obtained by approximate methods. It can in general serve as a guide to the behaviour of arbitrarily shaped topographic features, as in the case of semi-circular cylindrical canyons (Trifunac 1973) . However, unlike the circular canyon, which is symmetrical and has only one radius of curvature, a semi-parabolic canyon is asymmetrical and every point has a different radius of curvature. The solution for a semi-parabolic canyon in an elastic half-space will be similar, and yet different from that of a parabolic canyon in an elastic full-space. The difference comes from the fact that, in the present case, an additional stress-free boundary condition has to be satisfied on the surface of the half-space.
The use of parabolic coordinates in studying wave diffraction problems dated as far back as the end of last century, when Sommerfeld (1896) found an exact solution to the diffraction of a plane wave by a perfectly conducting semi-infinite screen. Subsequently, Lamb (1907) showed that the same solution could be obtained by solving the wave equation in parabolic coordinates. Later, Epstein (1914) , using the wave series functions in parabolic V . W . Lee coordinates, solved the problem of diffraction of electromagnetic waves by a partially conducting parabolic cylinder. It was not until 1966 that the theory was appiied to the study of diffraction of elastic waves by a parabolic cylinder, as reported in a dissertation by Thau (1966) and a series of papers by Thau & Pao (l966,1967a,b) .
THE MODEL
The cross-section of the 2-D model studied in this paper is shown in Fig. l(a) . It represents a half-space in which a semi-infinite part of the surface is removed to form a canyon which is parabolic in shape. The half-space is assumed to be elastic, isotropic and homogeneous, with its material properties characterized by the rigidity p and the shear wave velocity /3. Two coordinate systems are employed. The rectangular coordinate system is centred at the focus of the parabolic canyon with the y-axis pointing upwards. The parabolic coordinate system (E, q ) obtained by the transformation from the rectangular system (x, y), 5 + iq = [2(x + iy)]'", will also be used. The coordinate curves q =constant and E=constant in the half-space are shown in Fig. l(b) . The surface of the parabolic canyon on the right is defined by the curve q = q o which, without loss of generality, is represented by the curve q = 1 in the figure. The surface of the half-space on the left corresponds to 5 = 0. The distance from the focal point (origin) 0 to the apex, the corner point or tip of the canyon, is h (= &2).
The two coordinate systems are related by
EXCITATION
The excitation of the half-space, W', is assumed to consist of an infinite train of plane SH-waves from the left with frequency w, non-zero motion in the z-direction only, and having an angle of incidence y with the positive x-axis ( Fig. la) :
where c, and c,, are respectively the phase velocities along the x-and y-directions, and are given by 
It is assumed in equation (2) that W' has unit amplitude of motion. The time factor exp (-iwf) will be understood and deleted from all subsequent equations. In terms of shear wavenumber k = w/B, equation (2) becomes W' = exp [ik(cos yx + sin yy)].
(4)
Equation (4) is of the same form as that used by Thau & Pao (1966) to represent the incident SH-wave propagating in the positive x -and y-directions. The fact that the angle y with the horizontal x-axis is used, rather than the angle with the vertical y-axis, to specify the direction of the incident SH-wave will become cleaI: in the equations to follow, where the SH-wave will be expressed in terms of parabolic functions with terms involving the angle y (equation 7).
In the absence of the parabolic canyon, the incident SH-wave from the left would be reflected from the plane free surface (y = 0). The reflected plane SH-wave, W', is given by
(5)
The resultant motion in the free-field half-space, Wi+r, then becomes
In the presence of the parabolic canyon, it is appropriate to express the incident and reflected plane SH-waves as parabolic functions using parabolic coordinates. The expansions for W' and W' are (Morse & Feshbach 1953): W' = sec ( y / 2 ) (+i)"
(y/2)D,,(qV%)Dn(E.I/ZZ),
n=O n! (7) and the sum of W' and W' is
x tanzn (y/2)02" ( q a )~~, ,
where the On(-) functions are the Weber (parabolic cylinder) functions of order n.
SOLUTION OF THE PROBLEM
In the presence of the parabolic canyon, the incoming plane SH-waves, Wi+', are scattered and diffracted from the surface of the canyon, q = qo, resulting in additional scattered waves, WR, diverging from the parabolic canyon. The resultant total displacement field, W, will then be the superposition of the incident and reflected plane waves, and the scattered waves, WR. It must satisfy the differential equation The scattered wave WR as an outgoing wave diverging from the parabola q = qo must, by itself, satisy the differential equation (equation 9). Since the incident and reflected plane SH-waves W'+' already satisfy the stress-free boundary condition (equation 10) at y = 0, the scattered wave WR itself must satisfy the same stress-free boundary condition. In terms of parabolic coordinates, equation (10) takes the form (Pa0 & Mow 1971):
The wave WR satisfying equations (9) and (12) can be written as m where for each n, the term D -% , _ l ( q~) D z n ( E m ) represents a wave diverging from the parabolic canyon q = qo. The zero-stress boundary condition at y = 0 ( E = 0) to the left of the canyon is satisfied because
The coefficient bn can be determined from the boundary condition at the surface of the canyon (equation 11). This gives, for n =0, 1, 2, ~ . . , Each term of the infinite series representing the solution is thus expressed in closed form, and the resultant wave, W, is given by:
SURFACE DISPLACEMENTS
The resulting motion at every point will be characterized here by the displacement amplitude and phase, IWI and $a.
The incident SH-wave W is assumed to have unit amplitude, so that the resulting free-field surface displacement amplitude corresponding to the plane waves, W' + W' (equation 7), in the absence of the canyon will be 2. The resultant amplitude IWl of the displacement in equation (16) thus represents the amplification or deamplification due to the presence of the canyon. Both the amplitude and phase will depend on the angle of incidence of the SH-wave, the frequency w, shear wave velocity B and the parameter qo, where q = l o defines the surface of the semi-parabolic canyon. These parameters can be combined into one parameter kq;, given by
where k is the wavenumber and A is the wavelength of the incident SH-wave. A dimensionless frequency, 8, can be defined as 8 = oq;/np. (18) In terms of the focal length of the parabolic canyon, h( = q;/2), 8 becomes . 8 = 2wh/np. (19) The dimensionless frequency 8 can also be expressed in terms of the wavelength of the incident SH-wave:
The choice of 8 has been motivated by its physical meaning, as a link between the dimension of the parabolic canyon (focal length), and the frequency and wavelength of the incident SH-wave.
The Weber functions are computed numerically by the use of their recursive relations in the reverse direction with respect to their orders (Abramowitz & Stegan 1972) . They are then used to calculate the coefficient of each term of the series for the scattered wave in equation (15). A sufficient number of coefficients of the infinite series is calculated so that the remaining coefficients will each contribute less than the floating-point error present in a digital computer. Figure 2 presents the displacement amplitudes, 1 WI, plotted versus the dimensionless frequency, 8, at two points on the surface of the half-space close to the canyon for five angles of incidence y=Oo, 15", 30", 45" and 60". The two surface points at which displacements are calculated correspond to the point on the surface of the half-space at a distance of one focal length from the tip to the left of the canyon ( x l h = -l), and the point at the tip of the canyon ( x / h = 0), respectively. An angle of incidence of y = 0" corresponds to horizontal incidence from the left. For plane SH-waves of unit amplitudes incident upon a quarter-space, the resulting displacement amplitude at the corner point is 4, independent of the angles of incidence. For horizontal incidence ( y = O " ) , the corner point at the tip of the semi-parabolic canyon ( x l h = 0) behaves like that of a quarter-space with increasing frequency SZ, so that the displacement amplitudes approach the value of 4 with increasing frequency, as shown by the solid curve at the bottom graph of the figure. As the angles of incidence increase from 0" to 60", such trend is still observed, as shown by the corresponding five bottom curves in the figure, but the convergence to 4 becomes slower and slower with increasing angle. For incidence angle of a", the incident plane SH-wave is diffracted at the bottom part of the parabolic canyon far from the half-space long before it reaches the half-space near the tip of the canyon. As stated earlier, the analysis here is restricted to cases of plane SH-waves coming from the side of the half-space towards the front of the canyon. Hence, only the cases of almost horizontal incidence at or below 45" will be considered. displacement amplitudes for various angles of incidence at the surface point, one focal length from the corner point. They are more oscillatory as the dimensionless frequency changes from 0 to 2 , as a result of scattering and diffraction of the plane SH-waves on or near the tip (corner point) of the canyon. It may also be noted that as SZ approaches zero, all displacement amplitudes approach 2 , the free-field surface displacement amplitude. This is as expected, since as the frequency approaches zero, the wavelength of the incident waves approaches infinity, so that the wave will 'overlook' the presence of the canyon. , ( W ( , for y =45",   plotted vs. the dimensionless distance x / h in the interval (-4,4) measured from the tip of the canyon and for dimensionless frequencies Sa ( = oh/n/?) focal length from the tip of the canyon. The shape of the surface on and near the canyon on which the displacement is calculated is outlined as a dotted line on the top-left graph of each figure, with the arrow indicating the corresponding direction of the incident SH-wave W'. The incident plane SH-wave is assumed to be coming from the 'left', i.e. from
x / h < 0 in all cases.
For the case of horizontal incidence ( y = 0) in Fig. 3 , the incident wave depends only on x , taking the form (from equation 4):
and the resultant wave becomes, from equation ( 
with only the term for n = 0 remaining. It is seen from equation (22) so that the displacement amplitude at the surface of the parabolic canyon, I Wl, becomes constant for horizontal incidence (see Fig. 3 ). The displacement amplitudes in Figs 3-6 show some interesting features of the model, the most prominent being that there are no frequencies or points on the surface of the model that lead to displacement amplitudes higher than 4. In the absence of the canyon, the free-field surface displacement amplitudes at all points would be equal to 2 (equation 6), for incident SH-waves with unit amplitudes. This means that the highest amplification for this model does not exceed 2. The amplification of 2, or displacement amplitude of 4 is attained in the limit of high frequencies at the corner point x / h = 0. This amplification is almost attained there at frequency SZ = 1.5 (Figs 2 and 3) for horizontal incidence ( y = 0). It is interesting to note that the same observation has been made previously for the cases of incident SH-waves reflecting at the left rim of a semi-circular cylindrical canyon (Trifunac 1973) , or the left rim of a semi-elliptical cylindrical canyon (Wong & Trifunac 1974 ) and at the left rims of shallow circular cylindrical canyons (Cao & Lee 1989) . For all these cases, at the high frequencies, the waves reflect from the rim as they would from the corner of a quarter-space. For the various angles of incidence shown ( y = 0, 15, 30 and 45") in Figs 3-6 , the parabolic canyon acts as a barrier, reflecting a large amount of energy back in the direction from which it came (xlh < 0), resulting in a standing-wave pattern superimposed onto the motion progressing to the right. This is evident for all angles of incidence, whether horizontal ( Fig.  3) or oblique (Figs 4-6) . For all cases of oblique incidence, (Figs 4-6) , the displacement amplitudes on the parabolic canyon are not constant, but they tend to be smoother than those at the surface of the half-space to the left of the can yon.
It should be pointed out that the displacement amplitudes at the surface of the canyon in Fig. 6 , corresponding to SH-waves incident at 45" and of dimensionless frequencies Q = 1.6, 1.8 and 2.0, are not plotted all the way beyond x l h = 4, unlike all the other displacement amplitudes. This is because at those higher frequencies and for angles of incidence at or greater than 45", convergence of the series in equation (13) at points along the canyon with x l h z 4 is not achieved. This fact is consistent with the findings of Thau (1966) , who noted that the convergence of the series becomes slower as the angle of incidence y increases and as the points become farther from the tip of the canyon. Figures 7-10 present the phase diagrams for the corresponding displacement amplitudes (Figs 3-6) , plotted versus the dimensionless distance x l h and the dimensionless frequency, 0. In the absence of the canyon, the phase angle at the surface of the half-space is given by way beyond x l h = 4, as in the cases of the corresponding amplitudes in Fig. 6 .
CONCLUSIONS
The model studied in this paper, although one of the most straightforward models, can explain several features that are common to many other regular and irregular forms of surface topography. The method of analysis presented above is simple, and demonstrates and confirms once again that topographic irregularity is an important factor which contributes to the overall ground amplification pattern at the given site. Such amplification of surface displacements, however, never exceeds 2. It is closest to 2 near the corner point of the canyon, which acts as the comer point of a quarter-space at sufficiently high frequencies.
The pattern of displacement amplitudes depends to a large extent on the directions and frequencies of the incoming waves. On the surface of the half-space to the left of the canyon, the displacement amplitudes oscillate rapidly between 0 and 4, forming an almost standing-wave pattern at all angles of incidence shown. Trifunac (1973) , in his analysis of the scattering of plane SH-waves by a semi-circular canyon, observed that the amplitudes of the resultant SH-waves at the surface on or near the canyon do not exceed 4. Since the amplitudes of the plane waves on the surface of the half-space in the absence of the canyon would be 2 everywhere (equation 6), this means that the amplification in the presence of the canyon is no higher than 2. He concluded that other 2-D topographic features with corners no smaller than 90" will also have surface amplification of no more than 2. The present case of a semi-parabolic canyon on an elastic half-space is one such example reinforcing this observation.
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